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Handout 2

1 Optimization with equality constraints

The Lagrange method combines the objective function and constraints into a single equation:
L(x1, 2, ...,x,) = (objective function) + A; (first constraint) + - - - 4+ \,, (n'" constraint) (1)

Calculate first order condition with respect to x1, z2, ..., Zn, A1, ..., An. Then solve the simultaneous equa-
tions to obtain z7, z5, ..., x

*
n*

2 Percentage change, rate of change and growth rate

X' -X
o Percentage change of X = i
/ j—
« Rate of change of X = growth of X = X = % = )i - ;X = change of X in a small time period.
dinX(t) dlnX(t) dX(t) 1 . X
° = . = X(t) = .
dt dX(t) dt X(¢) X

X 7
» Growth rate of X = proportional rate of change of X = x= L )}t =7 R ;= percentage change of

X in a small time period (% x 100 = BAX = percentage growth rate of X).

o Growth rate of a variable = rate of change of its natural log.
— Suppose y's percentage change is C%, then we can write:

v =(014+C%)y
= In(y’) — In(y) = In(1 + C%) ~ C%.

In(y’) —1
— Divide both sides by a small time period: n(yt)/ — tn(y) = tlcijot.
dlny

dt

— Left hand side: rate of change of y's natural log =
— Right hand side: growth rate of y .

» Application: the quantity equation of money.

- MxV=PxY
— Growth rate derivation:
In(MV)=In(PY)=InM+hV=hP+hY
N Oln M n dlnV _ OlnP L oY
ot ot ot ot
_ M V_PY
M V. P Y

= | %AM + %AV = %AP + %AY

— %AX: percentage change of X in a small time period (e.g. X grows at rate A%).
— Since V' is constant over time, %AV is 0 (no growth) < This is a very strong assumption.
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3 Exercises

1. Suppose real GDP grows at rate 3% per year. At what rate of growth must the money supply expand
for the inflation rate to be equal to 2%?

2. Consider an Economy where the representative household is endowed with capital K has a total of h
hours in a day and has preferences over consumption ¢ and leisure £ such that we can model with the
following utility function:

u(C, ) =C —

(h—0)?
5
The representative firm in the Economy has the following production function:
Y = AK*L'™".

Suppose household do not invest and there is no government spending.

(a) Write down the household's optimization problem.

(b) Find the household's labor supply.

(c) What is the effect of real wage w to labor supply?

(d) Solve for the equilibrium levels of output, labor, and consumption.

3. Consider a representative household with preferences over consumption C' and leisure ¢ given by:

1—y

w(C,0) = f + ¢l

where v and ¢ are constants and strictly positive. Suppose there is no capital and the individual is
endowed with h hours of time.

(a) Solve for her optimal choices of consumption and leisure.
(b) Under what conditions does her labor supply curve slope up or down?
(c) What is the relationship between « and the income effect and the substitution effect?
4. Consider an economy with government involve. A representative worker has preferences over con-

sumption C and leisure ¢ given by:
u(C,0) =log(C) + ¢¢

where ¢ is a constant and with budget constraint:
C=w(l-0)-T

where 1 — ¢ is labor supply and T indicates lump sum taxes. The government spending G is a fixed
proportion g of output: G = gY. Suppose productivity is fixed at one unit, and there is a representative
firm who produces according to:

Y=L

(a) Find the equilibrium values of employment, output, consumption, and the real wage.

(b) Suppose that the government increases its spending as a fraction of output from g to ¢’. What are
the equilibrium effects on output, labor, consumption, and the real wage?
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4 Appendix: Elasticity

An application of “percentage change”, “growth”, and “growth rate” is elasticity in Microeconomics.

Elasticity of y with respect ot x refers to the percentage change in y induced by a (small) percentage change

in x:

L
b5

Yy -y ’

dIn dln / i U -
ezdlﬂy: d?(t) _ d?(t)XIOO:%Ay:i_ Y _ Tt _ o
dlnz(t) dlnz(t) T dx a/—a /' —x
dinz L L2l % 100 %Az z i -— —
_ (percentage) growth rate of y  percentage change of y @)
~ (percentage) growth rate of z  percentage change of x
dy
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