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Handout 3

1 Growth review
• Suppose Xt is a variable that changes over time t. e.g. output, capital.

• How to calculate the growth rate of Xt?

1. Take the natural log.
2. Diěerentiate with respect to time t.

•
d lnXt

dt
=

d lnXt

dXt
· dXt

dt
=

1

Xt
· Ẋt =

Ẋt

Xt
= g

Xt
= growth rate of Xt where Ẋt =

dXt

dt
.

• Growth rate of X = percentage change of X in a small period of time.

• e.g. What is the growth equation of zt = a · xb
t · yct where a is a constant?

ln zt = ln a+ b lnxt + c ln yt

=⇒ d ln zt
dt

=
d ln a

dt︸ ︷︷ ︸
= 0

+ b · d lnxt

dt
+ c · d ln yt

dt

=⇒ żt
zt

= b · ẋt

xt
+ c · ẏt

yt

=⇒ g
zt

= b · g
xt

+ c · g
yt
.

2 The Solow growth model (with 4 components in continuous time)
• Introduction:

1. Builds on the production model.
2. Adds capital accumulation.
3. developed in the 1950s by Robert Solow (Nobel prize winner in 1987).
4. In the real world, we observe diěerent time series variables, e.g. GDP, employment. From these

data, we ęnd some paĴerns over time or cross-section.
5. A fact about the paĴern : richer countries tend to have more capital.
6. We want to understand what lies beneath these paĴerns and learn some lessons that help us to

make decisions and establish policy.
7. How to do it? We will construct models and use their mathematical features to explain the pat-

terns. e.g. use the Solow model to explain how the variables grow over time.

• Growth of input factors:

1. Knowledge (Et) grows at rate: g =⇒ g =
Ėt

Et

2. Labor (Lt) grows at rate: n =⇒ n =
L̇t

Lt

• Goods: consume or invest/save (more capital→more output in the future).

• Capital: depreciates every period (only δ portion remains).
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2.1 The production function

• Cobb-Douglas, CRS in capital and eěective labor: Yt = A · F (Kt, EtLt) = A ·Kα
t (EtLt)

1−α
.

• Change the production function into a intensive form (per-capita terms) production function (yt):

– Yt

EtLt
=

1

EtLt
A · F (Kt, EtLt) = A · F

(
Kt

EtLt
,
EtLt

EtLt

)
= A · F

(
Kt

EtLt
, 1

)
≡ A · f(kt, 1) = yt =⇒ yt =

Yt

EtLt

– Why? ∵ interested in how capital per-capita aěects output. We don't explain population growth.
– Steps:

1. Deęne kt =
Kt

EtLt
whereEt describes the eěectiveness of worker. Hence, kt denotes capital

per eěective worker.
2. Divide the production function (Yt) by EtLt:

yt =
Yt

EtLt
=

A ·Kα
t (EtLt)

1−α

EtLt

= A · Kα
t

(EtLt)
α · (EtLt)

1−α

(EtLt)
1−α

= A ·
(

Kt

EtLt

)α

·
(
EtLt

EtLt

)1−α

= A · kαt .

=⇒ So we obtain the per-capita production function: yt = Akαt .

2.2 The resource constraint
Notice that the goods (output, Y ) can either be consumed or saved for investing. So at optimal, we can

write down the following relationship: Yt = Ct + It.
Similarly, we change the equation into intensive form by divide the entire equation by EtLt:

Yt

EtLt︸ ︷︷ ︸
yt

=
Ct

EtLt
+

It
EtLt

= ct + it

=⇒ The per-capita resource constraint: yt = ct + it.

2.3 The consumption and saving behavior
• Recall that when goods are produced, the part that is not saved by the household is consumed by the

household. What we mean saving here is the that the household will save a portion of goods in order
to invest it into the next period's production. Notice that the saving rate (s) is exogenous.

• You can think of it as we harvest corn, so corn is our goods. And we will use corn as fertilizer (invest
corn into next period's production) to produce more corns in the future. So we can write

Ct = (1− s)Yt
write in per-capita terms−−−−−−−−−−−−−−→ ct ≡

Ct

EtLt
= (1− s)

Yt

EtLt
= (1− s)yt =⇒ ct = (1− s)yt.
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2.4 The law of motion for capital
• The existing capital depreciates over time at a ęxed rate δ where 0 ≤ δ ≤ 1. So the capital stock in

the beginning of the next period equals to this period's existing depreciated capital + this period's
investments:

Kt+1︸ ︷︷ ︸
next period's capital

= (1− δ)Kt︸ ︷︷ ︸
depreciated capital of current period

+ It︸︷︷︸
investments of current period

(1)

Since investment is the goods that you save, we have

It = s · Yt (2)
So we can rewrite equation (1) as the following:

Kt+1 = (1− δ)Kt + It

= (1− δ)Kt + sYt

=⇒ (Kt+1 −Kt) = sYt − δKt (3)

• Next, from section one, recall we deęne Ẋ as
dX

dt
, a change inX in a small period of time. If we apply

the same concept here then (Kt+1 −Kt) is the change in capital level between time t and t+ 1.

• If this time period is very small, then (Kt+1 −Kt) ≈ K̇t. Hence, we can write equation (3) as

K̇t = sYt − δKt. (4)

• Recall in section 2.1whenwederive the per-capita production function, in step 1, wedeęne kt =
Kt

EtLt
.

1. Take natural log of both sides:

ln kt = ln
(

Kt

EtLt

)
=⇒ lnKt − ln(EtLt) = lnKt − lnEt − lnLt

=⇒ lnkt = lnKt − lnEt − lnLt

2. Diěerentiate both sides with respect to time and substitute K̇t with equation (4). Furthermore,
recall in page 1 we have knowledge Et grows at rate g and labor Lt grows at rate n. So we have
the following:

d ln kt
dt

=
d lnKt

dt
− d lnEt

dt
− d lnLt

dt

=⇒ k̇t
kt

=
K̇t

Kt
− Ėt

Et
− L̇t

Lt

=⇒ k̇t =
K̇t

Kt
kt −

Ėt

Et
kt −

L̇t

Lt
kt

=
sYt − δKt

Kt
kt − g · kt − n · kt

=
sYt

Kt
· kt − δkt − gkt − nkt

=
sYt

Kt
· Kt

EtLt
− (δ + g + n) kt

= s · Yt

EtLt
− (δ + g + n) kt

= s · yt − (δ + g + n) kt

=⇒ So we obtain the per-capita law of motion for capital: k̇t = syt − (δ + g + n) kt.
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3 A summary of the transition equations (the boxed results)
• Growth of input factors:

– Knowledge Et grows at rate g: Et+1 = (1 + g)Et

– Labor Lt grows at rate n: Lt+1 = (1 + n)Lt

• Deęne intensive (or per-capita) form: y =
Yt

EtLt
, kt =

Kt

EtLt
, ct =

Ct

EtLt
, it =

It
EtLt

.

• Per-capita production function: yt = Akαt .

• Per-capita resource constraint: yt = ct + it.

• Per-capita consumption and saving behavior: ct = (1− s)yt.

• Per-capita law of motion for capital: k̇t = syt − (δ + g + n)kt.

4 The steady state equilibrium
• What is a steady state? If a system is in steady state, then it remains at the same level over time.

• If a variable Xt has a steady state, then Ẋt = 0 and Xt = X (can drop the time subscript), ∀t.

• From the Per-capita law of motion for capital:

k̇t︸︷︷︸
rate of change (growth) of capital

stock per unit of eěective labor

= syt︸︷︷︸
actual investment per

unit of eěective labor

− (δ + g + n)kt︸ ︷︷ ︸
breakeven investment per unit of eěective labor:

amount of investment that must be done just to keep

k at its existing level

– actual investment > breakeven investment =⇒ k̇t > 0 (kt ↑, then k̇t decreases)
– actual investment < breakeven investment =⇒ k̇t < 0 (kt ↓, then k̇t increases)
– The phase diagram:

syt
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<latexit sha1_base64="4Wt2KtBkfwnhgeLxSKWB+pAAkZc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7EPaoWTStA1NMkNyRyhDv8KNC0Xc+jnu/BvTdhbaeiBwOOcecu+JEiks+v63V1hb39jcKm6Xdnb39g/Kh0dNG6eG8QaLZWzaEbVcCs0bKFDydmI4VZHkrWh8O/NbT9xYEesHnCQ8VHSoxUAwik567PZjzMY9nPbKFb/qz0FWSZCTCuSo98pfLstSxTUySa3tBH6CYUYNCib5tNRNLU8oG9Mh7ziqqeI2zOYLT8mZU/pkEBv3NJK5+juRUWXtREVuUlEc2WVvJv7ndVIcXIeZ0EmKXLPFR4NUEozJ7HrSF4YzlBNHKDPC7UrYiBrK0HVUciUEyyevkuZFNfCrwf1lpXaT11GEEziFcwjgCmpwB3VoAAMFz/AKb57xXrx372MxWvDyzDH8gff5AzvXkK0=</latexit><latexit sha1_base64="4Wt2KtBkfwnhgeLxSKWB+pAAkZc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7EPaoWTStA1NMkNyRyhDv8KNC0Xc+jnu/BvTdhbaeiBwOOcecu+JEiks+v63V1hb39jcKm6Xdnb39g/Kh0dNG6eG8QaLZWzaEbVcCs0bKFDydmI4VZHkrWh8O/NbT9xYEesHnCQ8VHSoxUAwik567PZjzMY9nPbKFb/qz0FWSZCTCuSo98pfLstSxTUySa3tBH6CYUYNCib5tNRNLU8oG9Mh7ziqqeI2zOYLT8mZU/pkEBv3NJK5+juRUWXtREVuUlEc2WVvJv7ndVIcXIeZ0EmKXLPFR4NUEozJ7HrSF4YzlBNHKDPC7UrYiBrK0HVUciUEyyevkuZFNfCrwf1lpXaT11GEEziFcwjgCmpwB3VoAAMFz/AKb57xXrx372MxWvDyzDH8gff5AzvXkK0=</latexit><latexit sha1_base64="4Wt2KtBkfwnhgeLxSKWB+pAAkZc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7EPaoWTStA1NMkNyRyhDv8KNC0Xc+jnu/BvTdhbaeiBwOOcecu+JEiks+v63V1hb39jcKm6Xdnb39g/Kh0dNG6eG8QaLZWzaEbVcCs0bKFDydmI4VZHkrWh8O/NbT9xYEesHnCQ8VHSoxUAwik567PZjzMY9nPbKFb/qz0FWSZCTCuSo98pfLstSxTUySa3tBH6CYUYNCib5tNRNLU8oG9Mh7ziqqeI2zOYLT8mZU/pkEBv3NJK5+juRUWXtREVuUlEc2WVvJv7ndVIcXIeZ0EmKXLPFR4NUEozJ7HrSF4YzlBNHKDPC7UrYiBrK0HVUciUEyyevkuZFNfCrwf1lpXaT11GEEziFcwjgCmpwB3VoAAMFz/AKb57xXrx372MxWvDyzDH8gff5AzvXkK0=</latexit><latexit sha1_base64="4Wt2KtBkfwnhgeLxSKWB+pAAkZc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7EPaoWTStA1NMkNyRyhDv8KNC0Xc+jnu/BvTdhbaeiBwOOcecu+JEiks+v63V1hb39jcKm6Xdnb39g/Kh0dNG6eG8QaLZWzaEbVcCs0bKFDydmI4VZHkrWh8O/NbT9xYEesHnCQ8VHSoxUAwik567PZjzMY9nPbKFb/qz0FWSZCTCuSo98pfLstSxTUySa3tBH6CYUYNCib5tNRNLU8oG9Mh7ziqqeI2zOYLT8mZU/pkEBv3NJK5+juRUWXtREVuUlEc2WVvJv7ndVIcXIeZ0EmKXLPFR4NUEozJ7HrSF4YzlBNHKDPC7UrYiBrK0HVUciUEyyevkuZFNfCrwf1lpXaT11GEEziFcwjgCmpwB3VoAAMFz/AKb57xXrx372MxWvDyzDH8gff5AzvXkK0=</latexit>

actual 
investment
breakeven

investment

kt
<latexit sha1_base64="BGwDbkak+C2CDK7o8SAxdVaZOlA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpYdzHvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV1ujdY=</latexit><latexit sha1_base64="BGwDbkak+C2CDK7o8SAxdVaZOlA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpYdzHvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV1ujdY=</latexit><latexit sha1_base64="BGwDbkak+C2CDK7o8SAxdVaZOlA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpYdzHvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV1ujdY=</latexit><latexit sha1_base64="BGwDbkak+C2CDK7o8SAxdVaZOlA=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpYdzHvlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AV1ujdY=</latexit>

actual - breakeven
investment

k⇤
<latexit sha1_base64="noPbdLLloRW6gu2oR4ULwAGsCzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+9HjWa9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/rso2L</latexit><latexit sha1_base64="noPbdLLloRW6gu2oR4ULwAGsCzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+9HjWa9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/rso2L</latexit><latexit sha1_base64="noPbdLLloRW6gu2oR4ULwAGsCzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+9HjWa9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/rso2L</latexit><latexit sha1_base64="noPbdLLloRW6gu2oR4ULwAGsCzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+9HjWa9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/rso2L</latexit>

k⇤
<latexit sha1_base64="noPbdLLloRW6gu2oR4ULwAGsCzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+9HjWa9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/rso2L</latexit><latexit sha1_base64="noPbdLLloRW6gu2oR4ULwAGsCzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+9HjWa9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/rso2L</latexit><latexit sha1_base64="noPbdLLloRW6gu2oR4ULwAGsCzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+9HjWa9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/rso2L</latexit><latexit sha1_base64="noPbdLLloRW6gu2oR4ULwAGsCzw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mHGCfkQHkoecUWOl+9HjWa9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmedVzq97dRaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/rso2L</latexit>

k̇ > 0
<latexit sha1_base64="G7VRLaL9rBvFEnqHYYGnpK74lis=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgp6k6MVjBVsr7VKyadqGJtkleSuUpb/CiwdFvPpzvPlvTNs9aOtAYJh5Q96bKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/QtHFqGG+wWMamFVHLpdC8gQIlbyWGUxVJ/hCNbqb+wxM3VsT6HscJDxUdaNEXjKKTHju9GLPR5Mrvlit+1Z+BLJMgJxXIUe+Wv1yWpYprZJJa2w78BMOMGhRM8kmpk1qeUDaiA952VFPFbZjNFp6QE6f0SD827mkkM/V3IqPK2rGK3KSiOLSL3lT8z2un2L8MM6GTFLlm84/6qSQYk+n1pCcMZyjHjlBmhNuVsCE1lKHrqORKCBZPXibNs2rgV4O780rtOq+jCEdwDKcQwAXU4Bbq0AAGCp7hFd484714797HfLTg5ZlD+APv8weiupBI</latexit><latexit sha1_base64="G7VRLaL9rBvFEnqHYYGnpK74lis=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgp6k6MVjBVsr7VKyadqGJtkleSuUpb/CiwdFvPpzvPlvTNs9aOtAYJh5Q96bKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/QtHFqGG+wWMamFVHLpdC8gQIlbyWGUxVJ/hCNbqb+wxM3VsT6HscJDxUdaNEXjKKTHju9GLPR5Mrvlit+1Z+BLJMgJxXIUe+Wv1yWpYprZJJa2w78BMOMGhRM8kmpk1qeUDaiA952VFPFbZjNFp6QE6f0SD827mkkM/V3IqPK2rGK3KSiOLSL3lT8z2un2L8MM6GTFLlm84/6qSQYk+n1pCcMZyjHjlBmhNuVsCE1lKHrqORKCBZPXibNs2rgV4O780rtOq+jCEdwDKcQwAXU4Bbq0AAGCp7hFd484714797HfLTg5ZlD+APv8weiupBI</latexit><latexit sha1_base64="G7VRLaL9rBvFEnqHYYGnpK74lis=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgp6k6MVjBVsr7VKyadqGJtkleSuUpb/CiwdFvPpzvPlvTNs9aOtAYJh5Q96bKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/QtHFqGG+wWMamFVHLpdC8gQIlbyWGUxVJ/hCNbqb+wxM3VsT6HscJDxUdaNEXjKKTHju9GLPR5Mrvlit+1Z+BLJMgJxXIUe+Wv1yWpYprZJJa2w78BMOMGhRM8kmpk1qeUDaiA952VFPFbZjNFp6QE6f0SD827mkkM/V3IqPK2rGK3KSiOLSL3lT8z2un2L8MM6GTFLlm84/6qSQYk+n1pCcMZyjHjlBmhNuVsCE1lKHrqORKCBZPXibNs2rgV4O780rtOq+jCEdwDKcQwAXU4Bbq0AAGCp7hFd484714797HfLTg5ZlD+APv8weiupBI</latexit><latexit sha1_base64="G7VRLaL9rBvFEnqHYYGnpK74lis=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgp6k6MVjBVsr7VKyadqGJtkleSuUpb/CiwdFvPpzvPlvTNs9aOtAYJh5Q96bKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/QtHFqGG+wWMamFVHLpdC8gQIlbyWGUxVJ/hCNbqb+wxM3VsT6HscJDxUdaNEXjKKTHju9GLPR5Mrvlit+1Z+BLJMgJxXIUe+Wv1yWpYprZJJa2w78BMOMGhRM8kmpk1qeUDaiA952VFPFbZjNFp6QE6f0SD827mkkM/V3IqPK2rGK3KSiOLSL3lT8z2un2L8MM6GTFLlm84/6qSQYk+n1pCcMZyjHjlBmhNuVsCE1lKHrqORKCBZPXibNs2rgV4O780rtOq+jCEdwDKcQwAXU4Bbq0AAGCp7hFd484714797HfLTg5ZlD+APv8weiupBI</latexit>

k̇ < 0
<latexit sha1_base64="ma1Flvqa1NvVkjbfchrXABPe3ds=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh48FL14rGBrpV1KNk3b0CS7JG+FsvRXePGgiFd/jjf/jWm7B20dCAwzb8h7EyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0c3Uf3jixopY3+M44aGiAy36glF00mOnF2M2mlz53XLFr/ozkGUS5KQCOerd8pfLslRxjUxSa9uBn2CYUYOCST4pdVLLE8pGdMDbjmqquA2z2cITcuKUHunHxj2NZKb+TmRUWTtWkZtUFId20ZuK/3ntFPuXYSZ0kiLXbP5RP5UEYzK9nvSE4Qzl2BHKjHC7EjakhjJ0HZVcCcHiycukeVYN/Gpwd16pXed1FOEIjuEUAriAGtxCHRrAQMEzvMKbZ7wX7937mI8WvDxzCH/gff4An7CQRg==</latexit><latexit sha1_base64="ma1Flvqa1NvVkjbfchrXABPe3ds=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh48FL14rGBrpV1KNk3b0CS7JG+FsvRXePGgiFd/jjf/jWm7B20dCAwzb8h7EyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0c3Uf3jixopY3+M44aGiAy36glF00mOnF2M2mlz53XLFr/ozkGUS5KQCOerd8pfLslRxjUxSa9uBn2CYUYOCST4pdVLLE8pGdMDbjmqquA2z2cITcuKUHunHxj2NZKb+TmRUWTtWkZtUFId20ZuK/3ntFPuXYSZ0kiLXbP5RP5UEYzK9nvSE4Qzl2BHKjHC7EjakhjJ0HZVcCcHiycukeVYN/Gpwd16pXed1FOEIjuEUAriAGtxCHRrAQMEzvMKbZ7wX7937mI8WvDxzCH/gff4An7CQRg==</latexit><latexit sha1_base64="ma1Flvqa1NvVkjbfchrXABPe3ds=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh48FL14rGBrpV1KNk3b0CS7JG+FsvRXePGgiFd/jjf/jWm7B20dCAwzb8h7EyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0c3Uf3jixopY3+M44aGiAy36glF00mOnF2M2mlz53XLFr/ozkGUS5KQCOerd8pfLslRxjUxSa9uBn2CYUYOCST4pdVLLE8pGdMDbjmqquA2z2cITcuKUHunHxj2NZKb+TmRUWTtWkZtUFId20ZuK/3ntFPuXYSZ0kiLXbP5RP5UEYzK9nvSE4Qzl2BHKjHC7EjakhjJ0HZVcCcHiycukeVYN/Gpwd16pXed1FOEIjuEUAriAGtxCHRrAQMEzvMKbZ7wX7937mI8WvDxzCH/gff4An7CQRg==</latexit><latexit sha1_base64="ma1Flvqa1NvVkjbfchrXABPe3ds=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh48FL14rGBrpV1KNk3b0CS7JG+FsvRXePGgiFd/jjf/jWm7B20dCAwzb8h7EyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0c3Uf3jixopY3+M44aGiAy36glF00mOnF2M2mlz53XLFr/ozkGUS5KQCOerd8pfLslRxjUxSa9uBn2CYUYOCST4pdVLLE8pGdMDbjmqquA2z2cITcuKUHunHxj2NZKb+TmRUWTtWkZtUFId20ZuK/3ntFPuXYSZ0kiLXbP5RP5UEYzK9nvSE4Qzl2BHKjHC7EjakhjJ0HZVcCcHiycukeVYN/Gpwd16pXed1FOEIjuEUAriAGtxCHRrAQMEzvMKbZ7wX7937mI8WvDxzCH/gff4An7CQRg==</latexit>
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– k∗ is where the actual investment equals the breakeven investment. At this point, k̇t = 0.

– Regardless of what the initial capital stock level (k0) is, it converges to k∗ and remains there.

– capital per-capita (per unit of eĜcient worker), kt, has a steady state k∗. So kt has no growth.
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– To show it mathematically, starting from the per-capita law of motion for capital: k̇t = syt − (δ +
g + n)kt

* At steady state k̇t = 0, which yields

s · y = (δ + g + n)k

=⇒ s ·Akα = (δ + g + n)k

=⇒ k1−α =

(
sA

δ + g + n

)

=⇒ k∗ =

(
sA

δ + g + n

) 1
1−α

(5)

* At steady state, from equation (5), s,A, δ, g, n, α are just numbers (parameters) not variables,
so capital per-capita k∗ is a constant term (no growth).

* s ↑ → k∗ ↑: countries that have high saving rates will tend to be richer.
* n ↑ → k∗ ↓: countries that have high population growth rate tend to be poorer.

• From the capital per-capita deęnition:

kt︸︷︷︸
no growth

=
Kt

Et︸︷︷︸
grow at rate g

Lt︸︷︷︸
grow at rate n

(6)

– Notice that when we calculate variable per-capita, we divide that variable by EtLt.
– Hence, in this handout, when we say “per-capital”, we mean “per eěective worker”.
– Notice that kt doesn't grow. On the right hand side of equation (6), in the denominator, knowledge
grows at rate g and labor (population) grows at rate n.

– Focusing on equation (6), if the left hand side does not grow, the right hand side must also does
not grow. In this case, it must be the numerator and the denominator grows at the same rate.
Thus, the capital level must grows at the same rate as the denominator.

– At steady state, the capital levelKt grows at rate g + n.

• Let's ignore the eěect of knowledge. Instead of capital “per eĜcient worker,” the capital per worker
is the following:

Kt =

grow at rate g+n︷︸︸︷
Kt

Lt︸︷︷︸
grow at rate n

– Notice that from section 1, the growth equation of
X

Y
is

(
g
X
− g

Y

)
.

– Kt has growth rate of g
Kt

− g
Lt

= (g + n)− n = g.

– At steady state, the capital per worker Kt grows at rate g.

• From the per-capita output function, at steady state:

yt = A︸︷︷︸
a number

· kt︸︷︷︸
no growth

α ← a number

– The only variable in the output transition equation (kt) doesn't grow.

– At steady state, the output per-capita yt has no growth.
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• From the output per-capita deęnition:

yt︸︷︷︸
no growth

=
Yt

Et︸︷︷︸
grow at rate g

Lt︸︷︷︸
grow at rate n

(7)

– Analogously, since yt doesn't grow, on the right hand, the numerator and the denominator must
have the same growth rate.

– At steady state, the output level Yt grows at rate g + n.

• Let's ignore the eěect of knowledge again. Instead of output “per eĜcient worker,” the output per
worker is the following:

Yt =

grow at rate g+n︷︸︸︷
Yt

Lt︸︷︷︸
grow at rate n

– Yt has growth rate of g
Yt

− g
Lt

= (g + n)− n = g.

– At steady state, the output per worker Yt grows at rate g.

• On the balance growth path (at steady state), the growth rate of

1. capital per eěective worker kt is 0
2. capital per worker Kt is g
3. capital levelKt is g + n
--

4. output per eěective worker kt is 0
5. output per worker Yt is g
6. output level Yt is g + n

5 Quick notes

• We use continuous time representation k̇t =
dkt

dt to denote capital change in a period of time. In order

to avoid calculus, in lecture, instead we use discrete time representation ∆kt+1 = kt+1 − kt.

• If we write the investment-saving (equation 2) in per-capita form1 it = s · yt, then the law of motion
for capital can be rewriĴen as the following:

k̇t = syt − (δ + g + n)kt =⇒ k̇t = it − (δ + g + n)kt. (8)

• This handout deals with the same production function as in the lecture notes. However, the model we
encountered in class does not incorporate the eěect of knowledge: Yt = AF (K,L).

• In this case, we deęne the capital per-capita as kt =
Kt

Lt
=⇒ k̇t

kt
=

K̇t

Kt
− L̇t

Lt
.

• Since there is no knowledge in the setup in class, we can set g = 0.

• Also we temporarily assume that the population is constant (the growth rate of labor is 0) which is
seĴing n = 0.

• SeĴing g = 0 and n = 0, all the results and graphs in this handout will be the same as what we've seen
in class.

1 Deriving the per-capita form of investment-saving equation: It = s · Yt =⇒
It

EtLt
= s

Yt

EtLt
=⇒ it = s · yt.
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The household's optimization problem

max
C,L

√
C + ϕ

√
1− L s.t. PC = WL+RK

• Solution Method I: Substitution Approach

Deęne: w =
W

P
and r =

R

P
.

max
C,L

√
C + ϕ

√
1− L s.t. PC = WL+RK

=⇒ max
C,L

√
C + ϕ

√
1− L s.t. C =

W

P
L+

R

P
K = wL+ rK

Substitute C with constraint: =⇒ max
L

√
wL+ rK + ϕ

√
1− L

=⇒ max
L

(wL+ rK)
1
2 + ϕ (1− L)

1
2

F.O.C [L]:
1

2
(wL+ rK)

− 1
2 w +

1

2
ϕ (1− L)

− 1
2 (−1) = 0

=⇒ (wL+ rK)
− 1

2 w = ϕ (1− L)
− 1

2

=⇒ (wL+ rK) · w−2 = ϕ−2 (1− L)

=⇒ w−1L+ rKw−2 = ϕ−2 − ϕ−2L

=⇒
(
ϕ−2 + w−1

)
L = ϕ−2 − rKw−2

=⇒ L =
ϕ−2 − rKw−2

ϕ−2 + w−1
=

ϕ−2w2 − rK

ϕ−2w2 + w
=

w2 − rKϕ2

w2 + wϕ2
=

w − ϕ2
(
r
w

)
K

ϕ2 + w
.

• Solution Method II: Lagrange Approach

Deęne: r =
R

P
and w =

W

P
.

max
C,L

√
C + ϕ

√
1− L s.t. C = wL+ rK

L = C
1
2 + ϕ (1− L)

1
2 + λ (C − wL− rK)

∂L
∂C

=
1

2
C−

1
2 + λ = 0 (9)

∂L
∂L

=
1

2
ϕ (1− L)

− 1
2 (−1)− λw = 0 (10)

∂L
∂λ

= C − wL− rK = 0 (11)

Divide (9) by (10):
C−

1
2

ϕ(1− L)−
1
2

=
1

w

=⇒ C

ϕ−2(1− L)
=

1

w−2

Substitue C with (11): =⇒ wL+ rK

ϕ−2(1− L)
=

1

w−2

=⇒ w−1L+ rKw−2 = ϕ−2 − ϕ−2L

=⇒
(
ϕ−2 + w−1

)
L = ϕ−2 − rKw−2

=⇒ L =
ϕ−2 − rKw−2

ϕ−2 + w−1
=

ϕ−2w2 − rK

ϕ−2w2 + w
=

w2 − rKϕ2

w2 + wϕ2
=

w − ϕ2
(
r
w

)
K

ϕ2 + w
.
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• Solution Method III: Optimality Condition Approach

Deęne: r =
R

P
and w =

W

P
.

max
C,L

√
C + ϕ

√
1− L s.t. C = wL+ rK

=⇒ max
C,L

C
1
2 + ϕ (1− L)

1
2 s.t. C = wL+ rK

After transforming the constraint into real variable terms, C = wL+ rK indicates the price of good is
1 and the price of labor is w.

Optimality condition: ratio of marginal utility = price ratio.

MUC

MUL
=

1

w

=⇒
1
2C
− 1

2

1
2ϕ(1− L)−

1
2 (−1)

=
1

w

=⇒ C

ϕ−2(1− L)
=

1

w−2

Substitue C with constraint: =⇒ wL+ rK

ϕ−2(1− L)
=

1

w−2

=⇒ w−1L+ rKw−2 = ϕ−2 − ϕ−2L

=⇒
(
ϕ−2 + w−1

)
L = ϕ−2 − rKw−2

=⇒ L =
ϕ−2 − rKw−2

ϕ−2 + w−1
=

ϕ−2w2 − rK

ϕ−2w2 + w
=

w2 − rKϕ2

w2 + wϕ2
=

w − ϕ2
(
r
w

)
K

ϕ2 + w
.

8

https://www.haochehsu.com

	Growth review
	The Solow growth model (with 4 components in continuous time)
	The production function
	The resource constraint
	The consumption and saving behavior
	The law of motion for capital

	A summary of the transition equations (the boxed results)
	The steady state equilibrium
	Quick notes

