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HANDOUT 2

1 Confusion Matrix (Test Outcomes, 0: negative, 1: positive)

Predict 0 (negative, rejection)
(consider H0 ture, fail to reject H0)

Predict 1 (positive, identification)
(consider H0 false, reject H0)

True 0
Y = 0 (negative)

(H0 is true)

True Negative, TN
Specificity, Confidence level: 1− α

correct rejection
=⇒ find good person innocent
[Correct Decision, P = 1− α]

False Positive, FP
Type-I error (α error), Significance level: α

false alarm, overestimation, incorrect identification
=⇒ find good person guilty

[Wrong Decision: reject a true H0, P = α]

True 1
Y = 1 (positive)

(H1 is true)

False Negative, FN
Type-II error (β error), 1-Power: β

miss, underestimation, incorrect rejection
=⇒ find bad person innocent

[Wrong Decision: accept a false H0, P = β]

True Positive, TP
Sensitivity, Power: 1− β

hit, correct identification
=⇒ find bad person guilty

[Correct Decision, P = 1− β]

• α (significance level) = P (make a Type‑I error) = size of a test; β = P (make a Type‑II error)

• Power (the probability when H1 is true and you successfully reject H0) = 1− β

• Larger sample size: α, β ↓ (n ↑ =⇒ greater power/sensitivity)

2 Graphical Representation (If α ↓, then β ↑, critical value: k)

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

�
<latexit sha1_base64="EpwadKl79nuFFVBzWqBryCC0A38=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k90KOtF+pujV3DrJKvIJUoUCzX/nqDRKWxVwhk9SYruemGORUo2CST8u9zPCUsjEd8q6lisbcBPn82Ck5t8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+ZRuCt/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWtecYuYE/sD5/AHFJI6o</latexit>

k
<latexit sha1_base64="S3l8nnBLDerjgmOsR9KRP3N3+lk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f09OM8w==</latexit>

µ0
<latexit sha1_base64="qFLmITPUAux2rkRUFzAQhTFTltc=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwU9oTt+/1K1a/5c6BVEhSkCgWa/cpXb5ASK6g0hGOtu4GfmSjHyjDC6bTcs5pmmIzxkHYdlVhQHeXzY6fo3CkDlKTKlTRorv6eyLHQeiJi1ymwGellbyb+53WtSW6inMnMGirJYlFiOTIpmn2OBkxRYvjEEUwUc7ciMsIKE+PyKbsQguWXV0mrXgsua/WHq2rjtoijBKdwBhcQwDU04B6aEAIBBs/wCm+e9F68d+9j0brmFTMn8Afe5w+EJI59</latexit>

µ1
<latexit sha1_base64="N9KV2+WVehLhSnhsGsArIxrCbwM=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwU9oTtB/1K1a/5c6BVEhSkCgWa/cpXb5ASK6g0hGOtu4GfmSjHyjDC6bTcs5pmmIzxkHYdlVhQHeXzY6fo3CkDlKTKlTRorv6eyLHQeiJi1ymwGellbyb+53WtSW6inMnMGirJYlFiOTIpmn2OBkxRYvjEEUwUc7ciMsIKE+PyKbsQguWXV0mrXgsua/WHq2rjtoijBKdwBhcQwDU04B6aEAIBBs/wCm+e9F68d+9j0brmFTMn8Afe5w+FqI5+</latexit>

accept H0

<latexit sha1_base64="P5Q/HXLvigV4tLOybdy9vMm5yzY=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8BR2JaLHoJccI5gHJEuYnXSSIbMPZnrFsMSLv+LFgyJe/Qtv/o2TZA+aWNBQU9XNdJcfS6HRcb6t3Mrq2vpGfrOwtb2zu2fvHzR0lCgOdR7JSLV8pkGKEOooUEIrVsACX0LTH91M/eY9KC2i8A7HMXgBG4SiLzhDI3Xtow7CA6aMc4iRTuav6qTrdO2iU3JmoMvEzUiRZKh17a9OL+JJACFyybRuu06MXsoUCi5hUugkGmLGR2wAbUNDFoD20tkFE3pqlB7tR8pUiHSm/p5IWaD1OPBNZ8BwqBe9qfif106wf+WlIowThJDPP+onkmJEp3HQnlDAUY4NYVwJsyvlQ6YYRxNawYTgLp68TBrnJbdcurgtFyvXWRx5ckxOyBlxySWpkCqpkTrh5JE8k1fyZj1ZL9a79TFvzVnZzCH5A+vzB/xylzw=</latexit>

Type-I error
<latexit sha1_base64="jyLPUyb+dMuETp6JbnUDqRLweXA=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0HwYtiNgh6DXvQWIS9IQpiddJIhsw9mesVlib/ixYMiXv0Qb/6Nk2QPmljQUFR1093lRVJodJxva2V1bX1jM7eV397Z3du3Dw4bOowVhzoPZahaHtMgRQB1FCihFSlgvieh6Y1vpn7zAZQWYVDDJIKuz4aBGAjO0Eg9u9BBeMS0ZqyzOwpKhWrSs4tOyZmBLhM3I0WSodqzvzr9kMc+BMgl07rtOhF2U6ZQcAmTfCfWEDE+ZkNoGxowH3Q3nR0/oSdG6dNBqEwFSGfq74mU+Vonvmc6fYYjvehNxf+8doyDq24qgihGCPh80SCWFEM6TYL2hQKOMjGEcSXMrZSPmGIcTV55E4K7+PIyaZRL7nmpfH9RrFxnceTIETkmp8Qll6RCbkmV1AknCXkmr+TNerJerHfrY966YmUzBfIH1ucP3gmU6A==</latexit>

H1 is true

<latexit sha1_base64="sqHtAgHkpMqPMRwFWG2WYJX1lmo=">AAACAnicbZC7SgNBFIZn4y3G26qV2AwGwSrsSkTLoE3KCOYCyRJmJyfJkNkLM2fFsAQbX8XGQhFbn8LOt3GSbKGJPwx8/Occzpzfj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w8aOkoUhzqPZKRaPtMgRQh1FCihFStggS+h6Y9upvXmPSgtovAOxzF4ARuEoi84Q2N17aMOwgOm1UnXnRMVmqJKYNK1i07JmYkug5tBkWSqde2vTi/iSQAhcsm0brtOjF7KFAouYVLoJBpixkdsAG2DIQtAe+nshAk9NU6P9iNlXoh05v6eSFmg9TjwTWfAcKgXa1Pzv1o7wf6Vl4owThBCPl/UTyTFiE7zoD2hgKMcG2BcCfNXyodMMY4mtYIJwV08eRka5yW3XLq4LRcr11kceXJMTsgZccklqZAqqZE64eSRPJNX8mY9WS/Wu/Uxb81Z2cwh+SPr8wecWZeT</latexit>

H0 is true

<latexit sha1_base64="PGP50CRmxElrpTIyEtsxFbt+2yU=">AAACAnicbZC7SgNBFIZn4y3G26qV2AwGwSrsSkTLoE3KCOYCyRJmJyfJkNkLM2fFsAQbX8XGQhFbn8LOt3GSbKGJPwx8/Occzpzfj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w8aOkoUhzqPZKRaPtMgRQh1FCihFStggS+h6Y9upvXmPSgtovAOxzF4ARuEoi84Q2N17aMOwgOm1UnXmRMVmqJKYNK1i07JmYkug5tBkWSqde2vTi/iSQAhcsm0brtOjF7KFAouYVLoJBpixkdsAG2DIQtAe+nshAk9NU6P9iNlXoh05v6eSFmg9TjwTWfAcKgXa1Pzv1o7wf6Vl4owThBCPl/UTyTFiE7zoD2hgKMcG2BcCfNXyodMMY4mtYIJwV08eRka5yW3XLq4LRcr11kceXJMTsgZccklqZAqqZE64eSRPJNX8mY9WS/Wu/Uxb81Z2cwh+SPr8weaxpeS</latexit>

k
<latexit sha1_base64="S3l8nnBLDerjgmOsR9KRP3N3+lk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f09OM8w==</latexit>

µ0
<latexit sha1_base64="qFLmITPUAux2rkRUFzAQhTFTltc=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwU9oTt+/1K1a/5c6BVEhSkCgWa/cpXb5ASK6g0hGOtu4GfmSjHyjDC6bTcs5pmmIzxkHYdlVhQHeXzY6fo3CkDlKTKlTRorv6eyLHQeiJi1ymwGellbyb+53WtSW6inMnMGirJYlFiOTIpmn2OBkxRYvjEEUwUc7ciMsIKE+PyKbsQguWXV0mrXgsua/WHq2rjtoijBKdwBhcQwDU04B6aEAIBBs/wCm+e9F68d+9j0brmFTMn8Afe5w+EJI59</latexit>

µ1
<latexit sha1_base64="N9KV2+WVehLhSnhsGsArIxrCbwM=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwU9oTtB/1K1a/5c6BVEhSkCgWa/cpXb5ASK6g0hGOtu4GfmSjHyjDC6bTcs5pmmIzxkHYdlVhQHeXzY6fo3CkDlKTKlTRorv6eyLHQeiJi1ymwGellbyb+53WtSW6inMnMGirJYlFiOTIpmn2OBkxRYvjEEUwUc7ciMsIKE+PyKbsQguWXV0mrXgsua/WHq2rjtoijBKdwBhcQwDU04B6aEAIBBs/wCm+e9F68d+9j0brmFTMn8Afe5w+FqI5+</latexit>

H1 is true

<latexit sha1_base64="sqHtAgHkpMqPMRwFWG2WYJX1lmo=">AAACAnicbZC7SgNBFIZn4y3G26qV2AwGwSrsSkTLoE3KCOYCyRJmJyfJkNkLM2fFsAQbX8XGQhFbn8LOt3GSbKGJPwx8/Occzpzfj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w8aOkoUhzqPZKRaPtMgRQh1FCihFStggS+h6Y9upvXmPSgtovAOxzF4ARuEoi84Q2N17aMOwgOm1UnXnRMVmqJKYNK1i07JmYkug5tBkWSqde2vTi/iSQAhcsm0brtOjF7KFAouYVLoJBpixkdsAG2DIQtAe+nshAk9NU6P9iNlXoh05v6eSFmg9TjwTWfAcKgXa1Pzv1o7wf6Vl4owThBCPl/UTyTFiE7zoD2hgKMcG2BcCfNXyodMMY4mtYIJwV08eRka5yW3XLq4LRcr11kceXJMTsgZccklqZAqqZE64eSRPJNX8mY9WS/Wu/Uxb81Z2cwh+SPr8wecWZeT</latexit>

H0 is true

<latexit sha1_base64="PGP50CRmxElrpTIyEtsxFbt+2yU=">AAACAnicbZC7SgNBFIZn4y3G26qV2AwGwSrsSkTLoE3KCOYCyRJmJyfJkNkLM2fFsAQbX8XGQhFbn8LOt3GSbKGJPwx8/Occzpzfj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w8aOkoUhzqPZKRaPtMgRQh1FCihFStggS+h6Y9upvXmPSgtovAOxzF4ARuEoi84Q2N17aMOwgOm1UnXmRMVmqJKYNK1i07JmYkug5tBkWSqde2vTi/iSQAhcsm0brtOjF7KFAouYVLoJBpixkdsAG2DIQtAe+nshAk9NU6P9iNlXoh05v6eSFmg9TjwTWfAcKgXa1Pzv1o7wf6Vl4owThBCPl/UTyTFiE7zoD2hgKMcG2BcCfNXyodMMY4mtYIJwV08eRka5yW3XLq4LRcr11kceXJMTsgZccklqZAqqZE64eSRPJNX8mY9WS/Wu/Uxb81Z2cwh+SPr8weaxpeS</latexit>

accept H0

<latexit sha1_base64="P5Q/HXLvigV4tLOybdy9vMm5yzY=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8BR2JaLHoJccI5gHJEuYnXSSIbMPZnrFsMSLv+LFgyJe/Qtv/o2TZA+aWNBQU9XNdJcfS6HRcb6t3Mrq2vpGfrOwtb2zu2fvHzR0lCgOdR7JSLV8pkGKEOooUEIrVsACX0LTH91M/eY9KC2i8A7HMXgBG4SiLzhDI3Xtow7CA6aMc4iRTuav6qTrdO2iU3JmoMvEzUiRZKh17a9OL+JJACFyybRuu06MXsoUCi5hUugkGmLGR2wAbUNDFoD20tkFE3pqlB7tR8pUiHSm/p5IWaD1OPBNZ8BwqBe9qfif106wf+WlIowThJDPP+onkmJEp3HQnlDAUY4NYVwJsyvlQ6YYRxNawYTgLp68TBrnJbdcurgtFyvXWRx5ckxOyBlxySWpkCqpkTrh5JE8k1fyZj1ZL9a79TFvzVnZzCH5A+vzB/xylzw=</latexit>

FN

TN

TP, FP

x̄
<latexit sha1_base64="562RxQu30kdZ6SaWdtRZ9H6ORW8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildi+gOnua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGlRo/F</latexit>

reject H0(accept H1)

<latexit sha1_base64="1xGR/70HPW21FjDwBlRJ1wZmUEM=">AAACHHicbZDLTgIxFIY7eEO8oS7dNBIT3JAZxeiS6IYlJnJJgJBOOUClc0l7xkgmPIgbX8WNC41x48LEt7HALBA8SZOv/39O2vO7oRQabfvHSq2srq1vpDczW9s7u3vZ/YOaDiLFocoDGaiGyzRI4UMVBUpohAqY50qou8ObiV9/AKVF4N/hKIS2x/q+6AnO0Eid7HkL4RFjBffAkY5nt/K4Y9P8jBnnEM47zmknm7ML9rToMjgJ5EhSlU72q9UNeOSBj1wyrZuOHWI7ZgoFlzDOtCINIeND1oemQZ95oNvxdLkxPTFKl/YCZY6PdKrOT8TM03rkuabTYzjQi95E/M9rRti7asfCDyMEn88e6kWSYkAnSdGuUCYTOTLAuBLmr5QPmGIcTZ4ZE4KzuPIy1M4KTrFwcVvMla6TONLkiByTPHHIJSmRMqmQKuHkibyQN/JuPVuv1of1OWtNWcnMIflT1vcvwIiiYg==</latexit>

reject H0(accept H1)

<latexit sha1_base64="1xGR/70HPW21FjDwBlRJ1wZmUEM=">AAACHHicbZDLTgIxFIY7eEO8oS7dNBIT3JAZxeiS6IYlJnJJgJBOOUClc0l7xkgmPIgbX8WNC41x48LEt7HALBA8SZOv/39O2vO7oRQabfvHSq2srq1vpDczW9s7u3vZ/YOaDiLFocoDGaiGyzRI4UMVBUpohAqY50qou8ObiV9/AKVF4N/hKIS2x/q+6AnO0Eid7HkL4RFjBffAkY5nt/K4Y9P8jBnnEM47zmknm7ML9rToMjgJ5EhSlU72q9UNeOSBj1wyrZuOHWI7ZgoFlzDOtCINIeND1oemQZ95oNvxdLkxPTFKl/YCZY6PdKrOT8TM03rkuabTYzjQi95E/M9rRti7asfCDyMEn88e6kWSYkAnSdGuUCYTOTLAuBLmr5QPmGIcTZ4ZE4KzuPIy1M4KTrFwcVvMla6TONLkiByTPHHIJSmRMqmQKuHkibyQN/JuPVuv1of1OWtNWcnMIflT1vcvwIiiYg==</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

Type-I error
<latexit sha1_base64="jyLPUyb+dMuETp6JbnUDqRLweXA=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0HwYtiNgh6DXvQWIS9IQpiddJIhsw9mesVlib/ixYMiXv0Qb/6Nk2QPmljQUFR1093lRVJodJxva2V1bX1jM7eV397Z3du3Dw4bOowVhzoPZahaHtMgRQB1FCihFSlgvieh6Y1vpn7zAZQWYVDDJIKuz4aBGAjO0Eg9u9BBeMS0ZqyzOwpKhWrSs4tOyZmBLhM3I0WSodqzvzr9kMc+BMgl07rtOhF2U6ZQcAmTfCfWEDE+ZkNoGxowH3Q3nR0/oSdG6dNBqEwFSGfq74mU+Vonvmc6fYYjvehNxf+8doyDq24qgihGCPh80SCWFEM6TYL2hQKOMjGEcSXMrZSPmGIcTV55E4K7+PIyaZRL7nmpfH9RrFxnceTIETkmp8Qll6RCbkmV1AknCXkmr+TNerJerHfrY966YmUzBfIH1ucP3gmU6A==</latexit>

, FP

FN

TN
TP

�
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3 Type‑I Error (α) and Type‑II Error (β)
• The risk of committing a Type‑I error is the significance level (α) chosen for the study (default: 5%).

• 5% significance level: Our results only have 5% (or less) chance of occurring ifH0 (no effect) is true.
=⇒ Thereʹs a 5% risk of concluding that a difference exists when there is no actual difference.
=⇒ If data show sufficient evidence supporting our result, then instead of obtaining rare effect (≤ 5%),
it must be that our premise (assuming H0 is correct) is wrong =⇒ Reject H0, conclude effect exists.

• A Type‑II error (β) means failing to conclude that there was an effect when there actually was. This
may happen when our study lacks statistical power to detect an effect of a certain size.

• Power (1−β) is whether a test can correctly detect a real effectwhen there is one (default: 80%, β = 0.2).
The higher the power, the lower the probability of making a Type‑II error.

• Power is determined by

1. Size of the effect: Larger effects are more easily detected (require less power).
2. Measurement error: Systematic and random errors in data reduce power.
3. Sample size: Larger samples reduce sampling error and increase power.
4. Significance level: Increasing the significance level increases power (α ↑=⇒ β ↓=⇒ power ↑).

4 Discussions
• Consider a criminal justice example. Innocent until proven guilty =⇒ H0 : not guilty, H1 : guilty.

• Y (outcome, verdict) is either 0 (not guilty) or 1 (guilty): Y ∈ {0, 1}.

• A Type‑I error is made when you find a person guilty but he is innocent (wrongly convicted).

• A Type‑II error is made when a person is found innocent but is guilty.

• When conducting a trial, making Type‑I error (miscarriage of justice) ismore serious than Type‑II error.

• For a test of censoring cancer, you donʹt want to make Type‑II error. For misdiagnosis, instead of telling
a sick patient (Y = 1) that he does not have cancer and delays radiation therapy, you should make a
healthy person (Y = 0) go through additional tests.

• If you are writing amailbox spam filter, then you donʹt want to make Type‑I error. Letting spam (Y = 1)
slip into the inbox is better than accidentally throwing an important email (Y = 0) into the junk box.

5 Classification Context

The red boxed area is predicted Positive. The green area is positive (Y = 1) and the yellow area is
negative (Y = 0). For instance, the purple area is negative but predicted positive which is false positive (FP).
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5.1 Precision: the correct positive in your prediction
Precision is also referred to the positive predictive valuewhich is defined as

Precision =
the correct ʺpositiveʺ you predict
all ʺpositiveʺ you predict (red box)

=
TP

TP+ FP
. (1)

This is the proportion of the data points the model says was relevant (positive) actually were relevant.
Model focus fixing FP→ α ↓ → precision ↑ (recall ↓). Not affected by data imbalance in rare disease study (negative ≫ positive cases).

5.2 Recall (1− β): the true positive covered by your prediction
Recall is also referred to the true positive rate or sensitivity (power) which is defined as

Recall =
the correct ʺpositiveʺ you predict
all true ʺpositiveʺ (green area)

=
TP

TP+ FN
. (2)

This is the ability to find all relevant instances in the data. Model focus fixing FN→ β ↓ → recall ↑ (percision ↓).

5.3 F1 Score (Evaluate model performance)
F1 Score is the harmonic mean of Precision and Recall (∵ trade‑off between recall and precision)

F1 =
2

1
Recall +

1
Precision

=
2(Recall× Precision)
Recall+ Precision

=
2TP

2TP+ FN+ FP
. (3)

The harmonic mean punishes extreme values. A model with a precision of 1 and recall of 0 has an average of 0.5 but an F1 of 0.

5.4 Specificity (1− α): the true negative covered by your prediction
Specificity (confidence level) is also referred to true negative rate (or 1 ‑ false positive rate) which is defined as

Specificity =
the correct ʺnegativeʺ you predict
all true ʺnegativeʺ (yellow area)

=
TN

TN+ FP
. (4)

5.5 False Positive Rate
This is the probability that a false alarm will be raised and that a positive result will be given when the

true value is negative which is defined as

False Positive Rate =
FP

TN+ FP
= 1− Specificity (true negative rate). (5)

5.6 Accuracy
This is the probability that measures overall, how often is our model correct?

Accuracy =
TP+ TN

TP+ FP+ TN+ FN
. (6)

• Accuracy can tell us immediately whether a model is being trained correctly and how it may perform
generally.

• Accuracy does not do well (not a good metric) when you have a severe class imbalance.

• For example, in email spam detection:

actual
Not Spam Spam

predicted Not Spam 98 (TN) 0 (FN)
Spam 1 (FP) 1 (TP)

– The accuracy is 1+98
1+1+98+0 = 99%.

– However, if we look at the two predicted spam emails, only one of them is actual spam =⇒ 50%.
Indicating that thismodelwith an 99% accuracy doeswell in filtering non‑spam emails. However,
it has only 50% chances to correctly filter out spam emails.
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6 Performance Measurement
• ROC (line): Receiver operating characteristic curve (summarizes all the confusion matrices that each

classification threshold produced→ Identifies the best threshold for making a decision).
– To compute the points on ROC, we could evaluate a logistic regression many times with different
classification thresholds.

– Often replace false positiv rate with precision (proportion of positives that correctly classified).

• AUC (area): Area Under the ROC curve (Aggregate measure of model performance. Makes it easy to
compare one ROC curve to another→ Help decide which categorization method is better).

– For binary classification: ROC‑AUC =
recall (or sensitivity) + specificity (or 1 ‑ false positive rate)
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7 Statistical significance vs Power
We will discuss the relationship between significance and power. If the test for an effect is statistically

significant, do we still need to care about the power of the test?

7.1 Statistical significance
• P‑value is the probability of observing the data (or an effect that is more extreme) if H0 is true.

– A small P‑value (P < 0.05) is evidence against H0 → reject H0 and accept H1.

• Significant P‑value of a test: avoids Type‑I error.

– Type‑I error: Rejecting H0 when H0 is true; inferring an effect when none exists.

7.2 Power
• The power of a test is the probability that the test will correctly reject H0 when H1 is true.

– The probability of detecting an effect if there really is an effect.

• Power of a test: avoids Type‑II error.

– Type‑II error: Failing to reject H0 when H1 is true; failing to infer an effect when one exists.

7.3 Power vs Effect Size
• If the actual effect (e.g. difference between groups, correlation strength) in the population is small, the

test might not have enough power to consistently detect it as statistically significant.

• Large effects are easier to detect than small effects.

7.4 Power vs Sample Size
• When the sample size increases, the power of the test also increases, making it more likely to detect an

effect if itʹs truly there.

• A study with a small sample size may have a significant p‑value by chance, but the power might be
low (high chance of committing a Type II error if the effect size is not large).

– The (significant) effect might be very small and potentially not of practical importance.

• A very large sample size can detect even trivial differences as statistically significant.

A studywith low powermight not be considered robust even if it yields a statistically significant P‑value.
Since Thereʹs a good chance that the study might not find a significant result if it were repeated.

When designing a study, researchers often conduct a power analysis to determine the required sample
size to detect a given effect size with a specified level of confidence.
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