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B2 O E2 (Mathematical Economics)

Optimization Theory'
BiIEm

BILERNEBR [ RELER | TZEABETREBSZEE (objective function) 7EHIRIEH THY
BAFBNME - ARBBHN D EERAMBIT > WA RURIEREBILEFR PHVHBED -

AREMIED (Calculus) HAH (SH) PREBNE—BRILREE > E2RWEBAB/NE >
BEXWBRK—MIEM (First order condition, FOC) o

18

Tl

EE 1. Let f: (a,b) — R and assume f has a local maz (or local min) at x¢ € (a,b). If f is
differentiable at xq, then f'(x¢) = 0.

Proof. By definition lim 7]0(3;) — f(zo) = lim 7‘70(%) — f(@0) = lim 7“3;) — f(xo)'
T=T0 T — Zo Ty T — o x%xsr T —Zo
Since f'(zg) > 0 and f'(zo) < 0, then f'(z) = 0. [ ]

fBIE (critical value) SBAEBIMTS > FAEHHBURFER 0 0% - BREB/R/RAFTBNEL K
ISR BEZEL (domain) PEIERANEZI (global max/min) > LPIREERMLIFEL (local) &
B —MEGENER  EEBTLURATEERZNMS - Bl RMANERHB2RIUE! WA ] L B
EERBCHIDREIFWHBEL o
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a o C 1 b

®8 1> HMITLUBEEE f(z) £ o, b MBEEEMBBIE - DAIRBBBAE Bz =z9) R
BE@NME C(r =21) ERFHMESHBELBEEZFHEA « BE > B xo M maximizer ~ z1 B
minimizer e AEFEAR z¢,z1 EMEERE (a,b) 2B > PIUAXBEEMIERA R (interior solution) °

"These notes are written by Hao-Che Hsu(#&#5%) with Xg4TEX and serve as a supplementary material for
undergraduate Economics Theory. The author thanks Professor Kang Liu for useful comments. Reference can be
found at Sundaram, R., “A First Course in Optimization Theory,” Cambridge University Press, Cambridge, 1996,
and Simon, C. and L. Blume, “Mathematics for Economists,” W.E. Norton & Co., New York, 1994. Materials
also have been partially taken from Professor Raymond Deneckere’s Ph.D. lecture at University of Wisconsin-
Madison. All errors and omissions belong to the author. Comments Welcome. Finally, this manuscript may be
printed and reproduced for individual or instructional use, but may not be printed for commercial purposes.

LN E2Z24ETRIN [ BRHER > Implicit Function Theorem °
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BEERNERNRE a,c 2B > Bl B —K2BAE > BEFHNBNENZTE A % - EREFE
BERIEAR 0 B > HPIBULES (a) /BER (corner solution) o £ — M VAR RN - BEBENIER
BOR RERNBERAMBRENEEIHES REMFEERE (outside option) REHERNEIR
OJLUEHESHERES  BURMABLUSHEABBERE - ABBILIEB—BIRHSE > BREERR
KRB/ > B178FEB ZBEIEM (Second order condition » SOC) ZRH¥Ef o
B 2: MAENFDRUBIGRHERE
F(*) < 0—= Maximum—» /" (z*) < 0
IR A B8R FI2 > HFD %4 (sufficient condition) & f”(z*) < 0> T EBIEH (necessary
condition) BIZR f"(z*) < 0 BTRBNBZE 8 (multivariable) B — R &4+ 5%
RMELAB2=BRALRN - £F—BR/MEHH (scalar funtion) > MBEVRE (mapping) &4 B
f:R—= R B f(z) =22 E_BASHEBXH (multivariate function) > f : R* — R > FI20
flx1,m0,23) = /27 + 23 + 23 BE=BAREEEH (vector function) > f: R® — R™ > HlalE 8
MR DMBERER (a1,a2,a3) — (fu, fy)°= (a1, /ag +a2)  MER? - R2- BR » R—BE
x = {x1,x2,23,....;x,} » ELBEHBDLINEHNE F(r1,...,2,)° I F E—HBER > v Q2 EE
& Bl X)) MRS - SRBETRMD (Bi) SIS ERNME !

Gradient(%E) &8 F(z1,...,x,) > BPILL VF(The gradient of F) RWGMSBEWE F B E:
OF OF OF

F=DF=——,..., — 1

v (81:1’ Oxy’ ’8a:n) S

e F WO —BIEE - 39 VF FiiEmAO > 2 F RE5E x[ 8K | RIRMNHG -
Jocobian Matrix (¥ I LL5EME)

EERBENET » MEEFE LORE (a1,a2,a3) = (fo, fy) B—B% R3 > R? IS WH (MU
3 BERANBATAEMY 2 EHRR: fo, f,)  H—BIEEFETRM—@ 2 x 3 ) Jocobian fBME°:

Ofr Ofs Ofs
30,1 8&2 (9&3

J = 9
of, of, of .
8@1 aag 8(13

Hessian Matrix(BFFEE)
B3 F(r1,...,2,) > BPIU Hessian 5B 5t ESBEWE F 0 _FSIEHE -

O*F 0*F
87:1:% o 0x10x,
H=D’F = : : (3)
0*F 0*F
02,011 o @

RMBERIGER - HNBENR f/(z*) > 00

3, fy REEETEAMBLHDE - 8—BHEID a1, a2, a3 FIHEL °

0L WM F W o RS = x[ 180011 B> F 0@ {LE -

S5DF: first derivative of F, D*F: second derivative of F.

SihA 2 x 3 46K o —18 i x j FBME: iR Prow(<+>)HIEE > jARM Pcolumn(])BIHE -

THessian f8[ER n x n Hk - RBBEEE (Young's Theorem) » “HEHMAD5EH row #UB2H column #IZHEE o
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BT BZHENBELLERNZDL - BPAFMEBONEBILEZENEREE+DEZ - GTHE2D . T
DRSUTERE: & v,y,2 —HAMAEER 1 OREF > BB 2+ y + 2 IRANRIVEDBIES
D7 EEBKEZD RMNTM: REBMEBRE v 0 oo MANEREIBIR p1 0 py> EEHE
SOHMBEHER U(r1,22) =m0 AKMEEREH [ BB FREMEDRMEZDINESD?
3 BB A& Lagrangian function(A8 BB X)) 89217 R Kuhn-Tucker Theorem(ER - #5752
BHm) BRMBENB2MD (Total differential of multivariate function) FIFEEWEEIE (Implicit
function theorem) °

BRE|KRBE—NH G(r,y) =0 B = F y FAEMK > BT y EB « 8K y = y(x) - EF G BIE{L
BEYEEMBBD - H—2 G Bz MEBMEILE EZ2 G B y FIEBNEB(LES > MEBIES

SR IR S . \ o
BB R 3: WEEILBDR

GTEZ/[E GIEy/ T8
@Eﬂﬁ’\]ﬁﬁ%ﬁl EEHIEUE
dG = a—de + a—Gdy
o | ox oy
GRERE(EE GEEh A ey
BEUMN B|EMN
2(LE B8
REME Glz,y) =2° -3y +° - 7T=0- 8 GH o OVWMAR ¢ = 9+ 99 % =
20 — 3y + (—3z +3y> )W = 0> EE > BEW y KRR » WY y = y(a) - RIKI—KR > BR
G(z,y(z)) = BR—1B C* W 8 5z, y(x)) + G2 (2, y(2)) - $(z) = 0> FEBBETIS
o dy &=
y’(w)=@=—§£ (4)
dy

ERSBIHTEE  RRMNERREN G =0% 2,y 0085 > REVHBBHKE o BHRNEK.
(%) c BEERBEIBEMN: T (v0,y0) B G(z,y) DROIRT » EEMST (72 &S BN
BE) TS y RTH o OETHEEH? (BT BPREELZBOEHRE - )

4: B
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Gla,y) =2"+y*~1=0

SHTIRMRA G £« HENBLE (PE) R G Ty HEAMBLE-
e REBRH -
0O REWTHHN—BHATE - B2 C° > ARETENH _BEMABE
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BB 4 5 #R o= HEMEREN §y B> —BEE-LES—EETLE  BRMESIER
EERMBEDE—E - S G(z,y) =0 FE— BN - BURHMBRES LBNSGRA > LB
BRMEERTR y = f(r) - BRUREE (1,0) RERMIALEOEBE ¢ KASFISIAME y
&> MEEMBERLESD - BRHE (1,0) T - BEDWELELE (v, +y) NETELE (v, —y) HOM
5 WHE (1,0) SHBEWERE—BEBHN o,y AR SHAROTHR (4) DB -

NRBEBWBNE () B ADE (52) TR 0 B 55(1,0) = 2|10 = 0> BLLEEIL
BRd  LVARKEEESBURNDBEISASHRBEL - B2 > RABELBRAEE > DRARENE
BEWER > BEIT2E-

£ 2 (The Implicit Function Theorem). Let E be open and f : E C R™ — R" be
a Cl function s.t. f(x*,y*) = 0 for some (x*,y*) € E where z* € R™ and y* € R". Let
Df(z*,y*) = (Dfy(z*,y*), Dfy(z*,y*)) and Df,(z*,y*) is invertible. Then 3 a neighborhood
U eR™ of * and a C! function g : U — R™ s.t. g(z*) =y* and Vz € U, f(z,9(x)) = c where
(a:,g(ac)) € E. Then the derivative of g at any x € U is Dg(x) = —D fy(z,y) - D fy(z,y) L.

5: BB

g(x1,22) = ¢

BN B UERENRIEMS (constraints) o B 5 WERNEHZE x), 20 KB > EMEEE
RUBEENMEGRNHENLERAZTOMERE - BN - BEXEEMRZIT (feasible) WEHL
EERIEMUE LAFNBALEER LHRNIBE -

EBARCERHBENEE > f(r),22) SEGLHAONSE > BFERIEHRHABRBETEBEER
R&E > AERNRBRENSEERIH f(r1,r2) BHR g(x1,22) = ¢ BUBBRTS (2*) - BB

HEEE > RATUKRIERHAEHIRE «* BROFEK > XAMFREL) > BT «* BOFRIZRAE
S
Py ) o)
e e
Oxa Oxa

LU > EE BT BEER AR B B RSB ©
PEHRNEE (WER) LVARFSEEURNDBLE  BREEIEVEESLEIHRS L -
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EERSIABERE > I5EBRRNDHER 1

0 * 0 *
AN TG I o
SL(@)  pi(a¥)
ERRZEERNHENRET «* BREBVRAMENNEFNER > B LEREANHNRMITSE
of . 39 _
of 99\ _
@)+ g (2) =0 7)

g(x1,22) —c=0

ERB=ERNH v1,10, p REIFKFTRERN > HAIMTBEENRIEHT » ZERHNEBANZE
B x1, 00 M p DRIBZD o EREIKE (N 7) EIISE - TLUEB Lagrangian WE > F=1&
RNFEHRA—IE - JIRNTTELT:

Llar,az,p) = F(or,a2)+u(gar ) ) ®)

BEE [ BROEE | T REREMD DL(",p*) = 02 Bt 2stE 5, 0 98 w5
&0 MESERN 7TH=KHER - At ZEG [ SNNR J BEFE T RESEHNHZXLHEL
RIREK - PG Lagrangian W (L) EER: EREWH + 1 (B—REFRNNR)+u (B ZHERNH
)+ (B n FEERNR) L BR2RSME - WEBSEHHA N EBE - EtSIR 5 ETE:
L=—f(z1,02)+u(FRHR) o XX - BEWHAMNRDRE - LT 1057 | @&

ZEBLE®KN 7 FX 8 LT LAZEIR Lagrangian INEISW B — B =& XN FHHIRREIRE (constrained
problem) B {EB —IEXNFHIEHKRBE (unconstrained problem) o EREFHFHR » NEEE
EEBPEENR REIRN) MEE > MEEEBRBRBENLRC . FeEB 5 BEEAR (2RY%)-
BHMER > REAMFTEENRGE TRERHBTEBRKEDE  BREDNRSHE—FINTF > HM

BES L IEH—BEER 0> EERER -

BREBREABRENSENBUANTERE  BME—ERAREMEEHNERTHE > EN =0
B Lagrangian N8 - SEDHROEE > BE2HE L WD py, po F > WHERABAHFEH
(Lagrange multiplier) - B BMEFMON B > I RIRPINETREBIIEMIIEVLEIEH -

Lagrangian MWW N ZEQSREIUEH > EMERIRAMNATRLESR - 8% KER (B
B) LAKGFHE > SRBEEROE—BRECSHEBE  HW—EEEZHNRORR  TOUHLEREE £
RRBEAREEED - F2H > DABEN 7 51 - A1) ) ERE—IREEHNROBERT - HIRY
MBS D BB (57 89 0 89 L) REEREER 0> TR p BEEHX - RERTHHUE MRS -

LRmm KOS (vector) o SEBH & = (v1,12) °

156 A Lagrangian B9 RARMUWAM (F1R =0) BOEREIR o 120 1 + 20 = 10 BRM 1 + 22 — 10 = 0 B
A8 El Lagrangian WEP: p(z1 + xz2 — 10) ©

LasXnEgsT  HEB0NK - BRST > BERATRERERE TERNE | EY > BESBHANRK - WEBE
RFEFTEEBEINITE - HEERBEABRTETRKR/&IME  FXN/FERNE > RABTERE ©

15 > IEMRME [ B | RESEL > OREHETITE (feasible set) - B 5 NREY > RBRMEBELHENEH
EBHREITTE -
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REBRVEE=1F 4 BHONE > g: R - R AT
g= (91($1,$2,5€3,$4) =c1, g2(x1,22,23,24) = C2, g3(z1,%2,23,24) = C3) 9)

EEAENR (g) ¥ 4 BEH (v1, 10, 13,74) D > BESE—E 3 x 4 8 Jocobian J6kE:

8361(:1:) 8xz(m) axs(w) am(‘”)
992 992 992 992

Dg(z") = | 5, (") Dig (") D4 (") D1 ()|, o = (2%, 25,2823  (10)
Poiat) P B )

Dg(z*) sELUAR full rank(mFk) » TEFHE p* 8 DL(x*, u*) = 0> Lagrangian WE A I
B8 - AWRIEMMK > LK Jocobian FED—1E row o U (7) RF > FERHEERD T —KEFN - AL
FAEER R THF N Lagrangian ENEIFRIT © PTLL > WALREEBWEE «* & Dg(x*) TBER
> S&HE o BLERNRBED critical point(s)(BRFRES) - SLEZE Lagrangian WEAME LR
B> BItRBUABE Lagrangian WEE HREVFEFEL critical point(s) LLE - ERIEEOKEBES
RERBES - ERBEBIEFH 2R - H PTG TRIET EBMIKFERE -

—{BEREE) rank() > FETE row B EE (row echelon form) L7 > FEE row BHE - T
ToREREEY rank B 20 ARE= row TUMNE— - F_ row ETEERILB/ 0

01 2 10 -3
12 1]—=fo1 2 (11)
2 7 8 00 0

MMk 2L rank AIMNRBEETLER - MREDRFANNRAAFINMNR - BHMELE
ER - BEBENRIEBTEBR (efficient) > WERPTBEEREKIR - H#EA binding KR °

6: Binding #)3R B2 Nonbinding #J2R

9(117@):0 g(Ilv‘TZ):c

FEHEBD . ZB2@BKXIL [ ERERNBNNRNEEESAQE -S5O > KEBHAEHOR
g(x1,22) = ¢ £> AEBEEFANREENG > BHL=E binding ¥R - BREY > BEBE2@B/NE [ ]

118 — 18 row BB ERENE—@ row EEHRBA 1> BEEL row MEIRBBEZ column PIE—HIFEZ/RE
BIFBEFEE RBIL row BT (reduced row echelon form) o I 11 B EB/EIL row FEBITHERE
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ERBEE g(r1,22) < c BEH > BUEERNR g(z1,22) = ¢ BBEORR (ineffective) » HIBER
inactive 3{ nonbinding #)2R - It > FERFFLE T BBREPHHNRESHK AR binding °

Y ElE T RMKBTIEDNME > SHREEITE (n x n) > BISFEEITIIR (determinant) 2
TR0 BHEITINR 0> AT R (singular) ; HEITIIRAR 0> BRIFSFE (nonsingular)
BB 2 T03% (invertible) #) - BRFME MK - SEBARESFE » B—B m < n'® - row 2BRMEE
I8 m x n RSEKERE > B m F5% binding HRNEE - BOEEMERE S WMEE

Q2 ZRIT#86) Lagrangian & > MBBIUNBIRHFE RO EE)—MEMDERE Dg(x*) WAL
HRETIIER - REREREE m x n(m < n) BVmHKIEE (m=binding HIRHNAE) > IUD
EINAEG: m X (n—m) M m x m M{EFFEME -

i

Dg(@*) = (Dug(@"), D.g(=")) (12)

mxn mx(n—m)  mxm
E_@5 D.g(x*) BRk > ROWHEERFSTE > FBRETE - ALt > TIURSE—BRERE -
REBHRBEERE p* > BRXN TEBRRBEMSEOISRER) I SHHNROEL —FEM DR
Dg(x*) WABBKSEUEIESE - HPIBRHRKE (constraint qualification) °
ETR > el Lagrange 12 > HEIERBAIBEPTIREIB>S—@ Lagrangian REBIE A
AIiR: RIER (BE) VARG SEBIRASHEORIME [ SNHOR | NELHEE -

EF®E 3 (The Theorem of Lagrange). Let E be open and f : E C R" — R and g :
R™ — R™ (m < n) be C! functions. Let x* be a local maximum (minimum) of f on D where
D C E. Suppose then rank of Dg(x*) equals m. Then Iu* € R™ s.t. DL(x*, u*) = 012 where
L(z,p) : R™™ = R s given by L(z, u) = f(x) + i'g(x)?.

ARTEAZHEFAARNEBILAEE  SFASHR BR | 0BE - RAOAKERH (fuction) ZIE
NE—BHERHCENEER > R NBE—ZIRE (mapping) > MEHRE (domain) 2 H KB R
218 > EXHEE (codomain) PHIH o

7 NEE

Y
L

E f9f&(image)

g #91%(image)

FLEBD > f(E) R f(F) L f(g) XBREE f WHHED (range) > BILBEIX B B
TE - ZMBEENAESECEANEZBHHIRG R - WERAPHHESSEFEEA - WNE? B
@75 EeetERE—R - AL EEBBIEER (The Weierstrass Theorem) °

B2 m>n- MERULERIRE column 2REEEIT > B n %5 binding FIKIRHE -
9T his implies D f(z*) + u*Dg(z*) = 0.
20The z and p can also be considered as vectors.
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£ 4 (The Weierstrass Extreme Value Theorem?!). Let f: X — R be continuous and
k C X be compact. Then 3z1,x2 € k s.t. f(x1) = 1n£f(a:) and f(z2) = supf(z)?2. In particular,
z€ zck

the inf and sup are finite, so f is bounded on k.

Proof. By continuous of f and compactness of k, f(k) C R is compact. Therefore, f(k) is closed
and bounded. Hence, sup f(k),inf f(z) € f(k). [ |

BETIEESH B D (Real Analysis) PHIHIR > BEEHNNBREE > BURRBEENH
BEEN  BRFNEMEEERE (compact)? > FII—BES a,b MIKREMVIRE [a,b] » BEES
HEANHEED > DEEBRAMNBNE - @I - HPIWNBATA Weierstrass EIBTEBBIEFE - T HER
1818 A8 Lagrangian BRI BMLEESELBVENREL - EATEABHB > RMITEFRESEE
RETUBBSBEREZNRIERE > EFEE A Lagrangian WEHERE o

ERRENEBILREER - HIPIESTRABBERSE (Lagrange multiplier) o RIS RBNES T
BEEE > LEEBTE (Envelope theorem) EZ2HEHBHBR - AL > HMBENBERIBEIE -

8: BiSEhHR

BREENZVES > RERTEEETTHOOSH (AESH) 4 #) | B0 BIERH
TREXHDHNBESWONE? LEEBRFERHE T —FREE > BRMATMRILCERR > FHIEEEM
HEEEMERERER - LB 8 NELBRHEAR:

y(z;a) = —2? + 2za —a’* +a+1 (13)

Hib o RAEEH > o RAEEH -y WERAKRTHR =01 BR> REDAR 0 = 0.5 BIR °
BREEZENAEEERWHD o BEMNELE > NHEBDRY > HMERER (BE) OHH
ERWTZE o NEBMNE? BN > BPEANEEH (a) NE > FRATRBMIPENER A
IREBIRZ o BETEXDM [ |BAORKEMH IRI B (BR) WRIEHF | ME > BEASERENR -

2R 2w Karl Weierstrass 953 o 315 » 5518#) Weierstrass £ (B{EEIE) T2 Bolzano-Weierstrass I °

22The supremum(sup) of a set is its least upper bound and the infimum(inf) is its greatest lower bound.

ZTBEE (compact set) - RRWBEBESESMLRIBRLH (R") MFTE > MRS —BEAES (closed set) > LEH
R (bounded) °

2N B (exogenous variable) REHNDHENSH > FEHBAEREMNAEBH (endogenous variable)

DEROBD > EHRMNEEE (BHIRK) MR (Envelope) R —ERZMBRENTERDBEED — 2 BLIHEIR -
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£ 5 (Unconstrained Envelope Theorem). Let f(x;a) be a C' function of £ € R™ and

a given scalar a. Let x*(a) = arg m%gxf(a:; a). Suppose x*(a) is a C* function of a, then
xTcR?

& p (@ @) = s (wa)ia).

B BMRIEMHE - WEE 5 P > BRI HNBENEEE o RMD > SEBESE o R
BRENHEMSBECOEGR IR EABRERE » RANUEHBEFWEETEHNIB WM DK
HIETELEAR > SEBREIL T ERMSE > ARBERDSIRSBRICHESERPERNEERYD -
EERHNHEENRFEHF TETERLLE  KRSBRHNHBHANEEH CENBRIBEERRINB=ZRIRE
W MBUWTHOER 6 ATl > EEERWHEKRERE Lagrangian W > MEBEAR Lagrangian &
i o RIMDEIT o

£ 6 (Constrained Envelope Theorem). Let f(x;a), g1(x, a), ..., gr(x,a)?": R* x R — R!
be C! functions of € € R"™ and a given scalar a. Let z*(a) = arg maﬂg{xf(w; a) on the constraint
xTeR™
set gi(z,a) = 0 Va and i = 1, ..., k. Suppose x*(a) and p;(a) are C' functions of a Vi =1,...,k
and constraint qualification holds, then
d * * * .
—f(a*(@)sa) = 5-£(2" (@), p*(@)sa)
k
where L(z*, p*;a) = f(x*;a) + 3 p7 (a) gi(x™; a).
i=1
REXRMKZELREESIABBER - BREFWH f(r,y) ME—HNREH g(x,y,) =a
HE2H z,y MERNEEHBEN HREXR (BB) B 2%() M y'(a) MESEBXBHORBER
f(m*(a),y*(a)) HMTEE Lagrangian W L(z,y, u) = f(x,y) — ,u(g(a:,y) — a)  IRIBEIR 6
BEREBE 2%(a),y"(a),p (a) B> NEEEZEBHAZE o OXER:

A7 ( @, (@) = o (e @) @), (@)
= 21 @' @) - @ (o @ @) —a)] ()
= p*(a)

HAEERE p AAUBEABRH - T2 > N 14 HA=ER Lagranglan WEH o ETRMOMAES

MA > B AESSEESSAENBREENS  TEEEN — V@,w) g(a* )—um},
MABIRTIREIDIE » HEEE 00 BIER BT o My 1f HESH o HEE- R 14 BER

tOER6E: EHIRIFHFDH o 1210 0 BEN > KBETORERIS LI Op* BEAL -

BE RAGEB - BEBNATRERN 14 OUER - RE—FB f(r1,12) = 2370 RIRIE
222 +22 =3 BNRBERERT (v1,22,0) = (1,1,0.5) > MESHMTEBE f(1,1) = 1 ]
HNRBHRBER 227 + 23 = 3.3 FHEFRERORBEESD? KBRERBIEE > B

28Hotelling’s Lemma  Shephard’s Lemma  Roy’s Identity #2 & AR EEMESINESELEIER -
2TThis is a n X 1 matrix.
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BB Lagrangian WEIR LHHOREE (v1,20) = (VI.1,V1]) THEBLEFREBHRBES
FVIL,VIA) = V115 ~ 1.153 - (BUREBABHEORE > EEBEBSHEELS - RANEEN
RAER > EIREBHNARBERH 1 = 0.5 FEELHR o 180 0.3 > RELHNWSEL =1L
0 Op* =0.3x0.5=0.15 BER > BFER 1 L 1.15 - FBZREER (Taylor expansion) » BT
UBEAIBAERAZ DS EIRMBER:

F(#13:4,08),233+08)) = £(71(3), 753) ) (03)° + F(+1(3). 75(3)) -0:3)

~—~—
=a+h 1 1 h

1

=1+05x03=115

SELHEHE f(x*(3.3),y*(3.3)) — 1.15 > EESRE p1* = d%f(x*(a),y*(@ Iy
BNRELRE > BAIUEIFLEREREER 11,10 MERK » ARFES —EBEER 2220 75 BEW
BRRE 227 + 23 TRARSE 3 BEN > FEMERNINEASD - TEEBFBBA? B > 1118
BB (1*) PMEERBE RANEK 3.3 B - FBEEIBNZD - REBERR > HALIFHIBEA
BREEMAMER S ESEN 1 EMRRMABRINER > SBERXBR/NIEE (internal value)
%[ £FER (shadow price) [

RZEINHR (inequality constraint) BVBILAEE > SEERIUALAMEINERT L > LR LAE
B STROANSTEH > BEBUAEERIT o HPIBRHER (cones) BIBTHR > RBBFARNENAR
Bileal): ER-B57%85 (Kuhn-Tucker Theorem) °

% 1 (Cone). Let al,...,a™ € R". The cone with vertex at the origin 0 € R™ that is generated

by the vectors a',...,a™

K(a',...,a™) = {z € R"|z = pa',p > 0,i =1,...,m}.

is the set

R BLRE (origin) REERE n EPEDMEROKEE -8 9 TAR/RTE LO#ER
lc((—1,3),(2,4)) = {z e R2z = p(~1,3) or = = p(2,4),p > 0} BLIRE (0,0) = (~1,3) A0
(2,4) MBFTRZMENTSE > 1585 (—1,3) 70 (2,4) IKEEAHERK ~ #B/)) > FIZRE) V iR - R
LTRSS GRNE > XBRHEH# (affine cone) °

B RBHE LOERMEEN > UEE —BIURKETE#H ENEHTPALETEELD
250 B 10 AT > SA%8E EH) (—1,3) 0 (2,4) MEHEN > ASBIEREPEE:(1,7) - SEEHER
FER—B1EK (—1,3) - ABISE — B L% (—2,6) -

E%® 2 (Convex Cone). Let K be a cone in R". The set
CK = {xG]R”|:z::y+z Vy,zGlC}

is the convex cone generated by the cone K.

RIBEE 1 (—2,6) RBRER V R - EN% > REZSTBRE 10 DoV - DIt RS
FEH#Y IEMWANE V SNEEEFMEANSG - LV 855 > ©E5— BES0ME > B
[ &## (Convex cone) o FIEE 2 FIE@O0H - 52 V 8 (#F) NEREE -
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Bt e 2 (Mathematical Economics)

BTIR > BASTIBAERETSIE (Farkas's Lemma) o K5I FE2HIMMEERIE > SHEOEHE

RmEEME R OH 2 BEE R
9: #ERADE

i) i)

\ (3.5)
(274) (074)
(7173)
(1,1)
(0,0) 11 11
10: véeE
)
(2,4)
(_13 3)
(0,0) =

11: A FHTSIIE

3|2 1 (Farkas's Lemma). Given vectors a',...,a™,b € R™ with b # 0, one and only one of
the following two statements is true.

(i) A1, ..., \m € R, all nonnegative and not all zero, such that

b= Ma!+ -+ \pa™.
(i) 3z € R™, such that
at-x>0,....,am-z>0andb-z <0.
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B2 O E2 (Mathematical Economics)

ERESIBREMOE o) > ap B —FENEBHRAEBRERL > tMMNSHOBUE a1 T ax P
REOHE2D - Bt > WRE—QEREOLHESZA > AIEURE a1 ar IEBABRHSHUOE - FZBAR
#& (inner product) BIE&:

0<cosf =222 <1 where —90° < 0 < 90° (15)
ey

MEE 0~ ay DRBEENR 0K 1 AEXEBRANG ; SENEASY > BIANS ; 5NESR 1
BREm- WE 11 TAMT B8 T 88 g AR/ HUEMN a; AP BX - BES 90° &
BEN  BHEREE ¢ BOMERVEBEFEBNELAE -2 7 8 ) AHA  AEHEAM
=) BB BT BE -

BPMRESIIE (i) > T8 11 D T NEBETHERTER - HD > BANBHEERT T & ay 0
REEEN  PSNEVER T 4 DRBEER - BINERES T & b ONSBEN - 5E
HSIB A THETENER  REFS (i) ULARS (i) RERMNE—BHEENSTARB D%
BrEo S (i) RY: REAR LR @ @ BEH - 8 T BBEN Q- & RRSHE - 11 b
HAERME  WRRR B T E a > o FEROOH#HN > 8l 7 WARRE=ELERSE (B 116
Bl ¢ BE) NBER - BRESIR () WERT > ZELETTEHES > DLRFEE ¢ BEE 7 W
R (ii) Qi ; BB RE T HESELENTBA - 8 b RTEE 6 - o FRN0ER o

BETR > APERANBER-BEREERE (Kuhn-Tucker Theorem) » :SB25 2B Harold Kuhn #0
Albert Tucker £ 1951 FETIRERMIER > EFRRBIRT 1939 F8F > William Karush FiE £
HEIFRIYPREBSERBR > BEBREXBABEBERR Karush-Kuhn-Tucker Theorem(KKT
EiR)  BER-ERTEEXB2HA—BITTE (feasible set D) PHIE 2* > ERARBEHKRAE (local
maximum) BVNRIFEH » BEFEHEXKBR/KEE LV ZIEH (necessary optimality condition) e

12: 28 (global) ®FEB (local) B
Global

Maximum

local
Maximum local

\ Maximum

minimum

local
minimum

1
: :
Global
minimum

MERUKBRULEEY > ERARRESEBIE (REBH) 57 > M—ESWEELEML - B2
RN HKMIUERER-BRERRLISEHBIE - BEEBEAEBEEEE > BB —LARIFHUEAEEZEMN -
FMERLERRT  #RRBHGE > BBLZCAER-BERKHE - EBEHARE > REBERBE
[ T1775 8% (feasible direction) ] T - BEWHA RS EIEBHILE - ] - LEBITHEAL 2 "

LBEEHREM/ES 180° B0KE -
V- B5aaE (feasible direction vector) °

12



B2 O E2 (Mathematical Economics)

TETB 13 P g1, 92,93 PRIR=EARFRNNR > BR * REHLWE - EFK +* HFWESHPMBENR
g1, g2 IR (B PEMIGILER) - SMIFURPTIERNEEBRRE(CLH#E (linearizing cone) °

13: #RME{LH#R

Mz DSERAERECHEDNEED (B 13ERERE) - #HTR > RMBEEME - O0EE - sIEE
f9& Lagrangian &M ¢;(2*) REXAFAMNR > BREARKER SN IR [ AER | REF > B
B hj(z*) REBRNR > A gi(a*) REFABROR -

B 14: ER-BEREEREE
3 <0
92 A 0 gd
-vf
g3 =0

g1,92,93 > 0

0 o
Y

g1 <0

ER 3 (TTHAME—21). Let gi(z*) > 0Vi=1,..n and hj(z*) = 0Vj = 1,...,p denote
inequality and equality constraints. Then zi(x*) = {z : 2'Vgi(z*) > 0 Vi € I(z*), 2 Vh;(z*) =
0,j=1,...,p }— where I(z*) = {i € {1,..m}|gi(z) = 0}.

EE 4 (YITIOBAMET:23). Let f(a*) denotes the objective function. Then zy(z*) = {z €
R" | 2/V f(z*) > o}.

BPBRR—HBE n BAFHNOR (¢) p BFERNNOR (hy) > BKFEE n BAFAHNRD > —H
B m 1§ binding HIR3L(FEEB6)> BN f g1 g2 g3 DS EBEIAMNEE - EHNEB 14 HEE

OmBEERE > IEANGEEZHE (transpose) °
LR > n > mo

13



B2 O E2 (Mathematical Economics)

B-ERTENREBE > WEBILHEIEERANER  KBREE=ZBFAZERNR: gi(z) > 0" go(z) > 0"
g3(x) >0 MRRHEIT » KEZHH f(r) WEKE- S=BEHNRAEBRNBEEZE —BEAES (closed
set)?3 > BRI ERBIERME (interior point) MIEEFRE (boundary point) » HPIMBSE=1%
HNRATBE R BEMNSR/)BE (open set)3t » WHA [ T{T& (feasible set) » D Je

15: g17&

EE 5 (Y1IE.). Let D be a feasible (open) set. D = {x eER™ | g(z) >0, h(z)= O} NU where

U is an open set.

AIEEBRIECHER > 691758 » N ERBRAORS - TTHOR I EERELHEEDZN > B
DOEWEOTTE D ME— - ZRBEBHRME - BREIRE - B 14 PH=BHNR > 2B g1 0 ¢
/& binding 1R - g3 A 2* EMEEFR > IS nonbinding IR - BEBERIKE g1 =0 RN (¥
78) BEIR g1 > 0> ABEIRE g1 <0° BHIRKR g >0 BEEBEN ¢y =0 REITTE > M
gTEARTS g1,92,93 > 0°

ERAMENRKE  BAEXN 1 BRI BE | MRNEBRERNSE - BREE 14 P> 2" B
RER (BAE) > BIM@ binding ¥R (g1,92) & 2" OBEMRE DB EMIGHNREENIR Vg A

g2 AREMBEAFNMNREE > 0> HILERKIOORIED > 0 6375 > BHMIBEAITE Do
BETIR > BRAZHEEHH f BE

EXN 2" BYCTEPHBAE HUUR f XBAOEGL FTTERNBE > HESBEREI:
f(@*)> f(x) Ve e Do AU Vf SBAZ TS EBIITE - REBEWHENROBLER - HFIF
JOEITIEAMEMEE 2 5 29 °

ME— (z1) RTTHALENRBE (V) PIEROOH#HD - BB (2n) RAIITHEA—ENE
BRREREZ2RABEG - CHER-BREENTRIGEHME: £RER «* WTITH0E » AREtE
— BURESMHE .

z1(2%) N 22(2”) = ¢ (16)
LRI TE > BPBBRREE_MTE CETHR -

BRABNRSTHMEY > HESNEESSTHENERS (limit point)w* > B f/(w*) = 0> BIEEEES —BE%

PAN

UBHES  REEES G PHERY o> BABTYU o BARADL > E—EXER v AREEVASES G PR—
B3F = E6BIIR (open ball) - BIFEBIREKEER G £ER

14



B2 O E2 (Mathematical Economics)

BHEBR - LWEABENRAELKNONOHRN > BFEENTONEEZERHNELR  UMEENE
PHREBEEZRSEO (WB 14 Ao 2z 1 Vf 2HABGKR 0 —Vf 2RBEHR) - TR > WR
z1(z*) N za(z*) # p(MUEBBRE) > ENKEBEBEARNTHE > MEMEBTIRESFT  BRMATEERE
RER-BEREEKE  WASKEMTE -

Bhw —Vf 2 f BENRKAILOOE - BHEMIUBE > —Vf £ Vg 1 Vg FIEREOH#
(convex cone) M o RIBEFHSIR (1) » EWUFEUTEEFRK:

— Vf(CC*) =M Vg1 (SU*) + AngQ(x*) (17)
16 MEER-BRER ( ) B’J%BDH:E °

£ 7 (Kuhn-Tucker Theorem). Suppose z* € D = {z € R | g(z) > 0, h(z) =0} NU,,.,.
is a solution to the optimization problem with m inequality and p equality constraints and
z1(x*) N zo(x*) = ¢. And suppose mnk[Dgeﬁmﬁ,e(:r*), Dh(x*)] = k where k is the number of

effective constraint at x*. Then 3 vectors \* € R™ and p* € RP such that the following holds:
(i) VaL(x* N\, 1" )+ ZA*vgz )+ Zu]Vh
(11) Nfgi(z*) =0Vi=1,...,m (complementary slackness).
(iii) \* > 0.
EIB 7 PEY (i) ERHSIR (i) M (\ RIFEE) - T 7 P (4id) BIRERHSIE (i) 89
o5 o BILEY  BER-BREBRMERISIRAMBRN « ED > rank[Dyg.gm.(2*), Dh(z*)] =k
REBRIDRKIESL HEP bk SETNRNHEY - ESNBHER: HFRME (constraint

qualification) NZAMII TR > HMBTHEIE (i) ERODEBESFKEH (complementary
slackness) ° R ITBANEIL - LTHMRE ¢ OBRARE_MTELO—HEER (2,y) °

16: binding B{LFE=&
g(x) >0

B 16 8B ILRERA > £ binding®® MR g(x) > 0 TRAL fo EWIERT - WH f OBE

flz*) BREETES (B 16 XRES ) 9 ; EERASINE g(z) = 0 OED  BEBSEESS
35

CHIHR = FXNHMR + binding BIAFINHIR ©
Bg—@ERER g(x) A binding > KIE x* TREENR g(a) =0 L - BDER > 5 g(ax) =0 TZHEIER -

15



B2 O E2 (Mathematical Economics)

B W ENEREIER L - [ ERGEN g TEFENR g(z) > 0 UREEHEN [ BE | &
RNEEEEDN > ERERNBANROBEEEBIELS (AN ) HAMBEREAF > BEARS
|l 8E7 | MERESEWE A BUK - B 0RK > I RA:
Vi)
Vg(z*)
% g(x) > 0 = nonbinding MR > BIHKER «* BENRER g(x) =0 2R~ B 16 REEBHE
N> AZARNDEE - AR «* SERNH f ORER > FIMRE—EHEATSI: %(w*) =058
MEAER-BRERIN > AIgEE L(z*,\) = f(z*) + A[g(z*)] - FIAEHERR nonbinding 6 >

Vf(z*) = A\Vg(z*), A>0 & (18)

(@) = L) ea @) =0
N —

=0 £0

FERIEBED > —{@ nonbinding BIMIRINEFREZBHR > FIT A =0 RREBHRI g WEL
MBI - RE > IRSEMEBR : R binding 85 g(x) =0> A > 0; IR nonbinding
B g(x) >0 A=0° SMEBERRAE—IE - BIYSEEMEREMST:

Ag(x) =0 (19)
ERFTURNER BRER > IUBESMRBESRNSAARERANENEE > WTUARBSSE
HIREVIBIT ©
BETHR > HMSREAREEBICEENRERE > ED «x EEEOS:

1. B8 Weierstrass EERBREEHEHESREE (compact set) ~ ERWEIREEME (continuous) -
BBPBEGE

2. REEENY - FIEHNRESH C! WY (WY 1 BEBHEE)
3. BBHI LI (Jocobian matrix) > BEHIRMRE (constraint qualification) BEmE
4. 7% binding BN FNHRBIR - W/EM g(x)> 0 HERN

5. BXRBKRIE: Max f(x) > ERAER-BRIR:
= BRI + p(FRNNR) + A\(binding BIFFRNHIR)

6. E—B%EH (F.0.0)
7. NEEWMEREM (complementary slackness): Ag(x) =0

8. NEINHRFEH (multiplier) FFE: A >0

TRBIEER - WL EIRE X BIEFE -
SNRBICRIBERBESRNNR > MERATE T RBN Lagrange EIE o

16



B2 O E2 (Mathematical Economics)

9. BILEERNMR: h(x) =0
10. FIEAERHR: g(x) >0
11. #% 6-10 FUERBAMERN T > BEREE (BRFRES, critical point)

12. REBLENRRELANNG (RERSLR) REPLBELSTSSETNRES (E) - 3
N> BREREFMEEE - REER 0 VBHEBR 2 =y=..=0; Al =\ =...= )\, =0.

13. BRBIOVE: min f(z) > BEHREESHHOBAE: Max —f(z) - EHEEBR-E=IIR:

L= —(BEEY) + u(ZROR) + A(binding RS ME)
WHIT 6-12 - BRBBRIS - FTREOTHEE > 2 —f OB -

¢ AEHBMBZNERBICEE  JBEK 4 Bis > LWIKE 12 EBILEEREAFINNR
IS B8 7,8,10 °

Find the maximizer of f(x,y) = 2? + y?, subject to the constraints 2z + y <

2,x > O,yZO.@

From the three constraints: 2z +y < 2,z > 0 and y > 0, we can conclude that
the domain (AreaOPQ in the graph below) of this function is closed and bounded.

Yp
2+ Q(0,2)
1__
P(1,0)
I T > x
4 0 1 2
_'1-.

By the Weierstrass Theorem, compactness indicates the existence of an extreme value. Then

we check the rank of the Jocobian of the constraints function:

22z —y -2 -1 10
i i Operation

T Jocobian Matrix 1 0 Row Operatio 0 1

y 0 1 00

where the row echelon form indicates that the Jocobian matrix has rank two. Since there are
only two variables, so at most two of the three constraints can be binding at any time. Hence,
the constraint qualification holds at any solution candidate. Next, we will form the Lagrangian

equation.

39This example is taken from Mathematics for Economists.
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L=2>+1> +M(2—22—y) + \a(x) + A3(y)

The first order conditions are the following:

%:2$—2)\1+/\2:0 (20)
(32:2y—A1+A3:0 (21)
AM(2—-2x—y)=0 (22)
A2(x) =0 (23)
As(y) =0 (24)
AL >0 (25)
X2 >0 (26)
A3 >0 (27)
2-2x—y>0 (28)
x>0 (29)
y=>0 (30)

Then we will solve for the critical point base on the ten equations, from (20) to (30).

Letsz.

Then from (20): A2 = 2A1, from (23): Ap # 0 % — A1 # 0. Then from (22): 2—2r —y =0 —
y=2%#0—(24) : A3 =0. Then (21): A\; = 2y = 4. And finally, Ay = 2)\; = 8. Here we have
the critical point: (0,2) with f(0,2) = 4.

Then from (24): Az # 0. From (21): Ay = A3 # 0, so from (22): 2 — 2z —y =0 — = = 1. Then
from (23): A2 = 0 and from (20): A; = 1. Finally, from (21) again: A3 = 1. The critical point is
(1,0) and f(1,0) = 1.

LetszandyzO.

This is the trivial solution. In this case, we neglect the complementary slackness requirements

such that z =y = Ay = Ay = A3 = 0. The critical point is (0,0) with f£(0,0) = 0.

CASE IV | Let = # 0 and y # 0.

Then from (23), (24): A2 = A3 = 0. From (20), (21): x = 2y. Then from (21): since \; = 2y
and y # 0 — A\; # 0. So from (22): 2— 22—y =0—2=>5y -y =2 Then z =2y = § and

AL = %. The critical point is (%, %) and f (%, %) =0.8.

4OThe complementary slackness condition states that only one of either constraint or the multiplier can be 0.
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B2 O E2 (Mathematical Economics)

Then we compare the function value for these four cases and conclude that the global max-

imum of the function occurs at the critical point (0,2) with the function value of 4.
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